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procedure that uses the finite Mellin transform and the Laplace transform is developed to solve these
problems. Explicit solutions for displacement and stress fields are derived. Stress intensity factors (SIFs)
of composite circular shafts with an interfacial edge crack are extracted from the derived stress fields,
and the distributions for various loading angles are presented and discussed. It was found that if the
K‘-’YWO@S-' loading angles are the same, free-free and fixed-fixed edge problems can be degenerated into single
Composite material problems. Uniform stresses were found along the interface in free-free and fixed-fixed edge
Finite wedge problems. Solutions of a general loading case deduced from the derived results compare well with those

Anti-plane shear . .
Stress intensity factor obtained from finite element (FE) analyses.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Wedge problems have been investigated by many researchers. In-plane stress analysis of an isotropic wedge was first conducted by
Tranter [1] using the Mellin transform of the Airy stress function in cylindrical coordinates. Thereafter, a number of associated in-plane
problems were extended to bi-materials and anisotropic materials, with emphasis placed on the order of the stress singularity and the
stress distribution near the wedge apex [2-9]. For these problems, out-of-plane normal stresses/strains are relative to in-plane stresses/
strains, and out-of-plane (anti-plane) shear stresses/strains are zero, which is due to the plane stress/strain condition being used. Studies
which treated out-of-plane shear stresses/strains with zero in-plane stresses/strains used the generalized plane strain condition [10]. The
wedges were usually regarded as sectors with infinite/finite radii using cylindrical coordinates. For cases with infinite radii [11-16], the
order of the stress singularity as well as the stress distributions for a range near the wedge apex was determined. The corresponding SIFs
were calculated using the assumption that the problems were in infinite domains. Nonetheless, the obtained SIF from the analysis of an
infinite domain should be calibrated by a suitable geometric function to make it fit for an application. The true full-field stress
distributions can be affected by all the boundaries in addition to the locations near the wedge apex. Accordingly, wedges with finite radii
have been considered [17-21].

Stress analysis of a finite domain is helpful for the comprehensive understanding of a problem. Although there are some numerical
methods [22,23] that can be used to determine the full-field stress distributions for a wedge problem, analytical expressions for a finite
wedge under anti-plane shear deformation can be obtained using the methods of the integral transform [18]. SIF can then be represented
by an equation with geometric factors for convenience. All previous studies, except for particular cases in Shahani [20] and Lin and Ma
[21], considered a group of problems with materials subjected to anti-plane shear loads in radial directions. The conditions of the circular
arc of the wedge were fixed or traction free. As a result, the solutions are accessible after the integral transforms. However, wedges with
finite radii may be subjected to loads on the circular boundaries, especially in cases of crack problems. To this end, the present study
considers another group of finite wedge problems. The tractions are subjected to a circular arc, and traction free or fixed conditions are
imposed on the radial edges of the wedge.

In the present work, a procedure that uses the finite Mellin transform in conjunction with the Laplace transform is proposed for
solving the stated problems. Based on the proposed procedure with the prescribed point loads, fundamental solutions for this type of
anti-plane shear problem of a composite finite wedge as well as the corresponding SIFs are obtained. Solutions for related general loading
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Nomenclature

a radius of the finite wedge
Ay, Ay, Ay coefficients of solution in the Mellin domain
B, By, By coefficients of solution in the Mellin domain

WO, Wi, Wi, Wil anti-plane displacements of jth material

w39, W% anti-plane displacements of jth material after
applying the Mellin transform of the second kind

wa, W;(,’) anti-plane displacements of jth material after
applying the Mellin transform of the second kind

c strip of regularity in the complex plane of the Mellin and the Laplace transform
domain Wgr’c A anti-plane displacement of jth material for the
Dy, Dy, Dy; determinants of two-by-two matrices (character- ' studied case with Problem A (A =1, II, 1)
iS.tiC fungtions) z cylindrical polar coordinate axis
Dy differential of Dy V2 Laplacian operator
9 function for the finite Mellin transformation o apex angle of each material of the finite wedge
f390 function after applying the finite Mellin transforma- g loading angle of 1st material of the finite wedge
tion Y loading angle of 2nd material of the finite wedge
F concentrated anti-plane shear force o Dirac-delta function
FE finite element U1, Mo, f; shear moduli
H{), HYY, H” normalized mode III stress intensity factors 0 cylindrical polar coordinate axis
j N {Irllaterial number (j.: 1, 2) A problem A (A =1, 11, Il
K, K, Ki” mode Il stress intensity factors P2, P1 upper and lower bounds of § loading range for the
L[] applying the Laplace transform studied case
L] applying the inverse Laplace transform &, & upper and lower bounds of y loading range for the
M;[] applying the finite Mellin transform of the second studied case
kind . . ) ) Trz Toz shear stresses in the rz-direction and in the 6z-direction
Mz'[] applying the inverse finite Mellin transform of the 0 ¥ 79 =19 = shear stresses in the rz-direction of jth
second kind " material
ODE ordinary differential equation 0, 0 1, 19 shear stresses in the Oz-direction of jth
p parameter in the kernel of the finite Mellin trans- " material
form - 1 ..  shearstress in the rz-direction of jth material for the
pP—. D+ negative and positive roots of D, = 0 (A =L, II, III) ' studied case with Problem A (A =, II, III)
D1, A smallest positive root of D4 =0 (4 =1, II, IlI) ©9) 4.4  shear stress in the 0z-direction of jth material for the
Pn. 1 positive roots of Dy =0 (n=1,2,3, ...) _ studied case with Problem A (A = I, II, III)
P ant_l—plgne shear pressure QY normalized displacement of jth material for the studied
r cylindrical coordinate axis 4 case with Problem A (A =, I, IIl)
R ratio of material constants (fu/L2) re normalized shear stress in the rz-direction of jth
Re[] real part material for the studied case with Problem A (A =1,
s parameter in the kernel of the Laplace transform 11, M)
SIF(s) stress intensity factor(s) oy normalized shear stress in the @z-direction of jth
T, TH"  normalized uniform stresses material for the studied case with Problem A (A =1,
v strip of regularity in the complex plane of the 11, 1)

Laplace domain

problems can be obtained by integrating the derived fundamental solutions over the range of interest, as shown in Section 3. The results
are compared with those obtained from FE analyses.

2. Problem formulation and solutions

Fig. 1 shows the composite wedge, with a finite radius a, considered in this study. The apex angle of each material is «, and the shear
moduli are p; and p,, respectively. An infinite length along the z-axis perpendicular to the plane is assumed. Accordingly, the problem
belongs to the plane deformation type. The only displacement component in the z-direction is a function relative to the in-plane
coordinates (r, 0). In this study, the circular arc of the wedge (r = a) is subjected to a pair of anti-plane concentrated forces, F, at angles
0 = f and 0 = —y. The shear stresses on the z-axis, 7,, and 74, are the remaining components in the constitutive equations, which can be
expressed as

; w0

i, 0) = g 0 (1)
. . ()

W0 = B0 @

r a0
where W is the displacement in the z-axis, and j = 1, 2 for the jth material.
The static equilibrium equation in the absence of body forces is

a[r‘z:?'z’(r, 0] arg;(r, 0) _
o T 0 3




C.-H. Chen et al. / International Journal of Mechanical Sciences 51 (2009) 583-597 585

Fig. 1. Schematic view of the considered composite wedge subjected to a pair of concentrated anti-plane shear loads on a circular arc.

By substituting Egs. (1) and (2) into Eq. (3), the equilibrium equation can be reduced to
VWO, 0) =0 (4)
where

# 16 18

2—_ —— ——
v a2 ror 1?02

denotes the Laplacian operator.

The Mellin transform can be employed for solving Eq. (4). To deal with the traction boundary on the circular arc, the finite Mellin
transform of the second kind is adopted [24]:

) . a )
MO 0:p) = 13000 = [ @t O 0 (5)
0
where p is a complex transform parameter. The inversion formula is in the form:
. A 1 c+ioco A
M0 w.0:n =100 =5 [ 0.0 (6)
c—ico

where i = +v/—1 and the constant Re[p] = c defines the path of integration in the complex plane.
Applying Eq. (5) to Eq. (4) yields

& 2\ 1%0) P awY(a,0)
<W+p>W2 (p,0)+2(1 T—O (7)
provided
(0)] .
g {(az” roet g ety 0 D s p@r e — w0 =0 (®)

Eq. (8) can be used to define the path of the line integral Re[p] = c in Eq. (6); i.e., the strip of regularity should be determined from
Eq. (8) such that the integral in Eq. (5) exists.
The prescribed boundary conditions are:

79(a,0) = F{(2 — )30 — B) + (1 — )30 + )] (9a)

w9(0,0) =0 (9b)

where <o, y<a, a<m, and J denotes the Dirac-delta function.
Applying Eq. (9) to Eq. (7) with the aid of Eq. (1) gives

2 . p+1
(;? ¥ p2> W0+ 2012 D60~ B+ (1= )30 + 7] = O (10)
]

Eq. (10) is an ODE with a non-homogeneous term. Mathematically, this equation has a solution which is related to a trigonometric
function that repeats periodically. Thus, this study regards the boundary-value problem of this kind as an initial-value problem.
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The Laplace transform is [24]

LWE0(p, 0): 5] = Wil p,s) = / e 'WE0(p, 0)d0 (11)
0
where s is the transform parameter. The inverse of the Laplace transform in terms of Eq. (11) is given by
1 0D #G) T oo
LW 50 = W30 0.0 =5 [ W p.syds (12)
V—100

where the constant Re[s] = v defines the path of integration in the complex plane.
Taking the Laplace transform on both sides of Eq. (10) gives
OW39(p,0)  2Far+!

&+ P (0.5) — W0 .0+ (1) T2 = S (=20 4 G- e ) (13)
J

where W’z"(i)(p, 0) and aW’zk(j)(p, 0)/00 are the initial boundary conditions in the Laplace domain to be determined, or the undetermined
coefficients in the Mellin domain; they can be deduced from the boundary conditions prescribed on the radial edges (i.e., boundary
conditions at § = +a). Detailed solutions are presented below.

2.1. Problem I: Free-free edge

Traction-free radial edges are considered in Problem I. The corresponding boundary conditions are:

Ty (1,0 = T (1, —2) = 0 (142)
wr,0) = W?(r,0) (14b)
T0,(r,0) = 7). (, 0) (14c¢)

0z 0z,

where the subscript [ denotes Problem I in this study. After applying the finite Mellin transform (Eq. (5)) to Eq. (14), the radial boundary
conditions are:

Ma[eg)\(r, 0] = Ma[tip), (r, )] = 0 (15a)
Mo [W{V(r, 0)] = Ma[WiP(r, 0)] (15b)
Ma[reyy),(r,0)] = Ma[riy), (1, 0)] (15¢)

To solve Eq. (13), the following coefficients are assumed based on Eqs. (15b) and (15c):

MoW{P(r,0)] = Ma[WP(r,0)] = A (16)

Ma[rtl)\(r, 0)] = Ma[rti,(r,0)] = By (17)

After applying Eq. (17) with the aid of Eq. (2), the following relationship is obtained:
w30 B

0 (18)
Substituting Eqs. (16) and (18) into Eq. (13) gives
~ (i g1 1 1 2Far+1
Wi p,s) = (75 )A -1 +17< )B < ) j— 2)e b 4 (j — T)e 19
2,1 (p,S) ) + p2 1 +( )l 'u] ) +p2 1+ ) i p2 u] [U )e + (] )e ] ( )
Applying the inverse Laplace transform (Eq. (12)) to Eq. (19) yields
i in(pd) 2Fa+! [ (2 —HH(O — p)sin[p(0 — B)]
W0(p,0) = A 0)+ B, SNPY _ : ) 20
2,1 (p’ ) [COS(p )+ 1 u]p 'ujp +(1 —])H(O + ,V) Sln[p(O + ,y)] ( )
where H is the Heaviside function. After applying Eq. (15a) with the aid of Eq. (2), the coefficients A; and B, can be solved:
p+1 — — —
A= FaP*! cos(po{cos[p(a — 7)] — cos[p(e — )]} 21)
Di(p)
_ FaP*'p sin(poo{p; cos[p(ox — )]+ p, cos[p(e — B}
B = (22)
Di(p)
where
Di(p) = p(pty + p1) sin(2per) (23)

The zeros of D\(p) determine the order of the stress singularity at the wedge apex. The orders of the stress singularity for bi-material
wedge problems under anti-plane shear deformation were discussed in previous studies [12,16]. The behavior of the stress singularity
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depends on the conditions of the radial edges. The characteristic functions, Eq. (23), as well as those in the following sections, obtained in
this study are identical to those in previous studies since the same conditions of radial edges are used.
By applying the inverse finite Mellin transform (Eq. (6)) in conjunction with the residue theorem, the displacement field is derived as

i 2Fa
WU) 1’,0 = —
r0) (ty + pp)m
2 -1 o [@n =D j2 . |@n—Drn 2n— x| /r\@n-Dr/2
- 2n—1{R Sm{izoc /} +R sm[ o ﬁ}}sm[ o 9} (E)
X; 1 nmy nnf nmO\ ,r\nm/e (24)
=1 — cos( )—cos —— )| cos|— (—)
n o o a /\a
where
Jad!
_t 25
H (23)

It should be noted that the path of integration for inversion integrals is within the strip of regularity Re[p]<0, but we replace
p_ (negative p) by —p. (positive p) here.
The corresponding stress fields are:

j 2F
W=
e R+ D
R si (2n - n in|@n—Drn 2n— 1)7‘50 r\ (@n=1ym/2a)-1
i { sm[ 24 V} +sm{ o ﬁ}}sm{ o }(E) n
X
n=1| _R*J {cos(@) —cos(#)} cos(”T”g) (£>< /o)1
0 2F
'L'Gzl(r, 9) =
’ R+ o
R si (2n 1)7‘5 (2n—1)n3 (211—1)719 I (@n—T)m/22)1
{ Sm{ 2 }Jr " [ 20 'HCOS{ 20 }(a) (27)
7

XZ PiD T nm AN
1| 4R2 j|:c05< /) cos< ﬁ)} i <a0><5)

For R = 1 and f = 7, the solution is identical to that for the anti-symmetrical problem of the single material case in Shahani [20], which
was obtained by the separation of variables.
When « = 7, a uniform rU)I is found at 6 = 0O:

2—j

0)
llmr ®RiDn

1zl

(r,0)= [cos(f3) — cos(y)] (28)

This shows that the uniform ‘c(”l results from the discrepancy of the two loading angles. The following normalized expression is used
for this uniform stress:

oy _(R+Dm
m =

SreT i 0,4, 0) (29)

where the superscrlpt I denotes Problem I here. The T} distribution for y versus f is plotted in Fig. 2. If # = 7y and 0 = 0, T{}{ is reduced to
zero, and so are rrzl and W(’) This implies that if f = 7, the composite material problem can be regarded as two single material problems
for which the interface is ﬁxed

The following SIF definition is used for an interfacial crack problem in this study:

Kb = lim V2rr!=Patd) (r,0) (30)

where A =1, II and III for Problems I, II, and III, respectively. P; 4 is the smallest positive root for DA(p) = 0.
The SIF of Problem I (« = &) is

K = (szl)\/T{R sm[ﬂJrsinE” (31

The normalized SIF for Problem I can be defined by

KOR+1) /7
@ _ B\ )t
Hn =—"%F— \V 2a (32)

The H{}} distributions for y versus f with R = 0.1,1, and 10 are plotted in Fig. 3. It can be seen that § dominates the magnitude of H{}} for
R = 0.1 and that y dominates the magnitude of Hi}} for R = 10. This indicates that the loading angle of a stiffer material has a lesser effect
on SIF. In addition, § and y contribute equally to H{}} for R = 1, as expected.
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180
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=
S
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Fig. 2. Ti}) distribution for y versus f§ in Problem I.
a
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)
< 90 I - 2 0~
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0 : . : . :
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b o}
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= & . I
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e, |
30 1 30 4
__‘——__—_ =
22—
0 r T T T . 0 - T . . T
0 30 60 90 120 150 180 0 30 60 90 120 150 180
B (deg.) B (deg.)

Fig. 3. H{}} distributions for y versus 8 in Problem L. (a) R = 0.1, (b) R = 1, (c) R = 10.
2.2. Problem II: Free-fixed edge

The considered boundary conditions in the Mellin domain for Problem II are:

MZ[TQZTIIU” )] = MW (r, —0)] = 0

My [W{P(r,0)] = Ma[W(r,0)] = Ay

(33a)

(33b)
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Ma[rtly), (r,0)] = Ma[rti), (r,0)] = By (330)

where the subscript Il denotes Problem II in this study. Similar to Problem I, the coefficients in the Mellin domain for Problem II are
determined:

2FaP*1{cos(po) sin[p(e — )] — sin(pe) cos[p(e — )]}

A= Du(p) G4
5 _ 2FaP iy sin(poy sinip(e — )] — 1, cos(pe) cos[p(e: — B} (35)
' Du(p)
where
Du(p) = pl, sin’(par) — p,cos? (poo)] (36)
The displacement field is derived as
sin(pa) cos[p(a — f3)] 5
, Sra | |~ cosoasinpa - <SP o
Do) =>" |5 il o . (37)
= |Du®) 3 R~" sin(po) sin[p(a — )] sin(p0)
—R~2cos(par) cos[p(a. — f)]
P=Pnu
where
Dyy(p) = pou(iy + 1) sin(2por) (38)

P :% {tan‘l (\/;> +((n— 1)n] forn=1,3,5,... (39a)
1 (N
Pnit = 2 nm — tan R forn=2,4,6,... (39b)

Note that D'y(pn.11)#0 can be obtained if D'y(pn,i1) = 0. The corresponding stress fields are:

sin(par) cos[p(c — f)] 0
. o | 2Fpu — cos(po) sin[p(e — )] cos(pt) p—1
-5 o Lo 4 o
M | D) | [ R singogsingpe =) | o
"1 =R2 cos(par) cos[p(a — P)] PO
DP=Pnn
sin(po) cos[p(ec — B)] .
. | _2Fpp, { — cos(po) sin[p(e — )] } sin(p6) -1
T (1, 0) = SlHd i1 o : “n
z, 7= | Du® R~ sin(po) sin[p(oz — 7)] cos(p0)
—R=2 cos(par) cos[p(o — )] P
P=Pnu

The smallest admissible order of stress for Problem Il is 1/atan~'(,/T/R) — 1. For R = 1 and o = 1/2x (the case of a single material with
a crack), the square-root singularity is recovered.
Using the definition in Eq. (30), the SIF of Problem II (& = &) is

Fal=Pu [2 . .
W= ®R+1) \/;{*/E[COS(PLH/J)) — €os(py )] + sin(py  B) + R sin(py )} (42)
where p,; = 1/antan~!(,/1/R). The normalized SIF for Problem II can be defined by
KR+ 1)
(ID)
Hy' = III:Ial—pl I 2 (43)

The H{}’ distributions for y versus  with R = 0.1,1, and 10 are plotted in Fig. 4. The figure shows that increasing § has little effect on H{}}’
for constant y when R = 10. If u; > i, H{lP is reduced to a function with respect to 7.

2.3. Problem III: Fixed—fixed edge

The considered boundary conditions for Problem III are:

Mo[W(r, )] = Ma[W R (r, —2)] = O (44a)
Ma[Wi(r, 0)] = Ma[WiR (1, 0)] = Ay (44b)

M [rt 92 m(r 0)] = Mz[T‘C(Z)m(T 0)] =By (44C)
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0 | . . . .
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b c
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Fig. 4. Tl distributions for y versus f in Problem IL (a) R = 0.1, (b) R =1, (¢) R = 10.

where the subscript III denotes Problem III in this study. Similar to Problem I, the coefficients in the Mellin domain for Problem III are

determined:
A _ FaP T sinayisinp(e — B)] — sinfp(ex — )]}
" Du(p)
By = FaP+'p cos(pa){ sin[p(o — )] + &, sinfp( — B)1}
Du(p)
where

Di(p) = p(pty + p12) sin(2per)
Eq. (47) is equal to Eq. (23), so the order of the stress singularity is the same as that in Problem I.
The displacement and stress fields are derived as

i 2Fa
W0 = Gt b
2 2n-1rn 2n-1rn 2n— D] /r\@n-Dr/2
% 2n71{c°5{ 24 ﬁ} _COS{ 20 VHCOS{ 2 9} (@)
X
. 4 . T/
n=1 +l [Rf*1 sin(w) +R~2sin (@ﬂ sin (n_n@) (f)n i
n o o AV
) 2F
T, 0) = ®R+1o
2 @n-Dm,] 2n-rn (2n - Dm ] ry(@n=Dr/20-1
R {cos {72(}( | — cos 5% V| [ cos o 0 (a)

x> .
= |+ [Rrsin("22) + sin (") sin("50) (1)
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Fig. 5. T{ll" distributions for y versus £ in Problem IIL. (a) R = 0.1, (b) R=1, (c) R = 10.

Fig. 6. Studied case with a pair of shear pressures.
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—2F
R+ 1

Rz’f{cos {(an—al)nﬂ] _ cos [(an—al)ny} } sin {(Zn — 1)%} (f) (2n-1)n/20)-1

i 20, a
X
= | = [rsin("52) + sin (") cos (") ()

Iff=yand 0=0, Tg,m and WA} are reduced to zero, which is similar to the results obtained in Problem . In this case, the problem can
be regarded as two single material problems for which both radial edges are fixed.

When o = 7, a uniform 79 is found at 0 = 0 as

G) _
Tom(T> 0) =

(50)

. ; 2F . .
er(} Tg;,lll(r’ 0) = ®eDm [R sin(y) + sin(B)] (51)

The following normalized expression is used for this uniform stress:

mt?  (r,0) (52)

li
0 Loz

Tam _ R+ Dm
Y

The T{{" distributions for 7 versus f with R=0.1, 1, and 10 are plotted in Fig. 5. Symmetric behavior of T{{’ can be observed for

0<f<90° and 90°< f$<180° with R = 0.1; and for 0<y<90° and 90°<y<180° with R = 10. The loading angle of the softer material
dominates the magnitude of T{{{".

Using the definition in Eq. (30), the SIF for this problem is
K’ =0 (53)

KillY = 0 because the traditional definition of SIF, Eq. (30), is according to the radial direction parallel to crack surfaces. Nonetheless,
it should be noted that a singular rg;,m occurs in directions other than 0 = 0.

<<
S
e
=

1 —
e e e o e e
e e e e S S S,

= T —
7 22>

T T T T
e -t
= 4‘-'.-,-«—.’& ZZ>

Fig. 7. Finite element meshes used for the case shown in Fig. 6.
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3. A case study

In this section, a case with a pair of anti-plane shear pressures, P, shown in Fig. 6, is studied. The solutions for this case can be obtained
by integrating the fundamental solutions (derived in Section 2) with respect to the loading range as

wo o= [ [ Wi odpdy (54a)
areAt 7= B=p4 A
0 =4 pB=p; 0
Tarc rz,/l(r7 0) :‘[ : /lf , ’Crz,A(r7 G)dﬁd”/ (54'3)
/=¢1 =®1
0 V=¢  B=0, 0
Tarc Hz,A(r’ 9) = / P /ﬁ " THz,A(r’ Q)dﬁ d’)) (54C)
Jy=& =0,

where &, & = @2—@;, and A =1, 11, and 1II for Problems I, II, and III, respectively.

The explicit results are given in Appendix. Finite element results are used to compare the derived solutions. The FE program ANSYS
was employed to compute displacement and stress solutions of a special case. The following geometric parameters were assumed: a = 1,
o = 60° @1 =45° @ = 60°, & =30° and &, = 45°; material constants: p; =4e9 and p, = 8e9; and arc line loads: P = 1e6. A 3-D model
with 8616 twenty-node isoparametric brick elements was used. Only one degree of freedom in the z-direction (the in-plane degrees of
freedom were set to zero) was considered for modeling. The FE mesh is shown in Fig. 7. Surface loads were applied parallel to the
z-direction on the area of the arc plane from 0 = ¢, to 0 = ¢, and from 0 = —¢&; to 6 = —¢,. Since the in-plane degrees of freedom
were fixed, a uniform outcome in the z-direction was expected (each depth has the same outcome). To compare the results in a more
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Fig. 8. Normalized solutions of the studied case compared with FE results for Problem I.
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general form, we defined normalized expressions for the displacement and stresses as

; +

o) = Yt By - o) (55a)
) (R+1

rg = S ®RED 200 (55b)
, R+1)

®(/ll) = (713)1-;]1?5 Hz,A(r’ 0) (SSC)

It should be noted that the multiplier for the normalization is the constant obtained after integration in Eq. (54).

The FE results for Problems I, II, and III are compared with the analytical solutions (expanding Eq. (55) to 10,000 terms)
in Figs. 8-10. Good agreement is achieved. Except for some critical locations for which FE fails to predict the correct
stress fields, the discrepancy is well below 1%. These results verify that the fundamental solution derived in this study is appropriate
and reliable.

4. Conclusions

Problems of composite finite wedges under anti-plane shear applied on a circular arc were solved using the finite Mellin transform in
conjunction with the Laplace transform. The full-field solutions of displacements and stresses for various boundary edges, namely,
free—free, free-fixed, and fixed-fixed, were derived explicitly. The SIF distributions of three considered problems for composite circular
shafts with an interfacial crack are presented and discussed. For loads applied at equal angles, free-free and fixed-fixed edge problems
can be degenerated into single material problems. Uniform stresses were found along the interface in free-free and fixed-fixed edge
problems. A case with general loads was calculated and the results compared well with those obtained from FE analyses. The derived
fundamental solutions can be used for further investigations.
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Fig. 9. Normalized solutions of the studied case compared with FE results for Problem II.
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Fig. 10. Normalized solutions of the studied case compared with FE results for Problem III.

Appendix A. Explicit solutions for the studied case

For Problem I (free-free edge):

W(I)

arc,l
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arc 1z,

0}
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P oo 2 2( 1)(’+‘1
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()

()

R~1cos {(Zn l)nég}

{(Zn - 1)719} ()‘)(Zﬂfl)n/Zoc
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o eos S B (A1)
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For Problem II (free-fixed edge):

Sin(p,, o) sin[py, (& — @,)] 0
" 2 2( 1)£’+1 + COS(meC) COS[pm(OC - éf)] COS(pm ) \ Pm
w 0 i1 . A4
aen( 0 =7, +uz)mz1 ;pma sin(2p,) R~ sin(pp, o) cos[py (@ — &) sin(p,.0) (A4)
+R 2 co8(py 1) SIN[P (e — )] "
R Sln(me() ':OS[pm(oC - 5[)] . 0
2 2(—1) +€oS(pp,0) SINpy (ot — @] SInPnb) N\ Pm—1
Tok ’Z“(r 0) = R+ 1)mz:1 £~ P Sin(2p;y 1) Sin(p,, o) sin[py, (o — @,)] a (A5)
* +€0S (P ) COS[P (o — &/)] cos(pm?)
Rsin(p,,0) cos[p,, (ot — &) 0
0 2 2(=1)+ + €OS(pp 1) Sin[pp (o — @,)] coS(Pm®) r\Pm—1
Fae a0 = g 1),; 2 b s | o[ Spasinpu -l | (la "o
B +COS(Pyy2t) COS[py (2t — & [ PP
where
Pm=2n-1 = ;|:tan_l <\/;T> +(n— 1)7T:| s
P = : : neN (A7)
Pmon =, {nn — tan~! <\/;>] ,
For Problem III (fixed-fixed edge):
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